
Polynomials 

Goal:  To sketch a graph a polynomial function. 

A polynomial is a function such that every term has a non-negative integer exponent (greater 

than or equal to 0). The biggest exponent is considered a degree of the polynomial. The term 

with the biggest degree is called a leading term. The coefficient of the term is called the leading 

coefficient. 

Example 1:  

f(x) = 2x5 + 3x – 1  

is a polynomial with degree 5, where the leading term is 2x5, and the leading coefficient is 2 

(we’ll need this later for graphing). 

Example 2:  

f(x) = 5x2 + 2   = 5x2 + 2x1/2 

is not a polynomial since a square root is an exponent of ½ (not an integer). 

Example 3: 

f(x) = 3x2 – 4x + 7x-2 

Is this a polynomial? 

 

To graph a polynomial, we will consider end behavior, roots (x-intercepts), number of turning 

points, and possible symmetry. 

 

End behavior: 

Let degree of a polynomial = n, and the leading coefficient = a. 

If n is even  

1) a > 0      2) a < 0 

 

 



If n is odd 

1) a > 0      2) a < 0 

 

 

Roots of a polynomial are also called zeros and x-intercepts, are x such that f(x) = 0. 

If degree of polynomial is 2 (parabola), we can find the roots by factoring or using quadratic 

formula. It gets progressively more difficult to find roots of higher degree polynomials. We can 

factor (use quadratic formula on irreducible quadratic (degree 2) polynomials) some 

polynomials of degree 3 and 4.  

Degree 5 and higher polynomials are not solvable unless they can be factored (a rather deep 

statement). Of course, we can find the roots numerically (using graphing calculator or 

software). 

Intermediate Value Theorem:  

Let a < b. Then if f(a) and f(b) are opposite signs then there is at least one c such that f(c) = 0. 

 

In other words the theorem states the existence of a root (zero). It doesn’t tell us specifically 

what the root is, only that there is at least one in an interval (a, b). In some cases, however, it is 

useful to know which interval of the function to look for a root (for example to look for a root 

numerically sometimes we need to know where to start looking). 

 

Multiplicity of a zero 

If c is a zero of a polynomial then the factor (x – c) occurs exactly m times when f(x) is factored 

completely, then c is called a zero of multiplicity m. 

Example:  Find all zeros and the respective multiplicities of the polynomial. 

f(x)= x3 – 6x2 + 9x 

Solution: First we need to factor the polynomial. 

f(x) = x(x2 – 6x + 9) = x(x – 3)(x – 3) = x(x – 3)2 



x(x – 3)2 = 0  To find zeros, we must set f(x) = 0 (just like finding x-intercepts). 

x = 0 or x = 3 

x = 0 has a multiplicity of 1 

x = 3 has a multiplicity of 2 (it occurs twice in factorization of the polynomial). 

 

The multiplicity of a zero of a polynomial has a significance in the graph of the polynomial. 

If multiplicity of a zero of f(x) is odd, then the graph of f(x) crosses x-axis at x = c. 

 

 

If multiplicity of a zero of f(x) is even, then the graph of f(x) touches (but does not cross) the x-

axis at x = c. 

 

 

The number of turning points: 

If f(x) is a polynomial of degree n, then the graph of f(x) has at most n – 1 turning points. 

 

 

The turning points are simply maximum and minimum points of the function. 

Now, let us look at some examples. 

1) Use Intermediate Value Theorem to show that the polynomial P(x) has a real zero in the 

specified interval. Approximate the zero to two decimal places. 

P(x) = x4 – x2 – 2x – 5;  [1, 2] 

 

Solution: Let us plug in the endpoints of the interval into the function. 

P(1) = -7 



P(2) = 3 

Since P(1) and P(2) are opposite in sign then by Intermediate Value Theorem, P(x) has a zero in 

[1, 2]. 

To find the actual zero, let us graph the P(x) using a graphing calculator. 

I use the following window to graph: (I used the interval values as basis for xmin and xmax). 

xmin = 1   

xmax = 2 

I kept ymin = -10 and ymax  = 10 (you can set them at what you like since we’re just finding the 

zero). 

I used trace to approximate the x-intercept (zero), which I found to be x = 1.87. 

 

2) See # 61 on p 132. 

Use the methods described in this section to sketch a graph of f(x). 

f(x) = -x2(x2 – 1)(x + 1) 

 

Solution:  f(x) = -x2(x – 1)(x + 1)(x + 1) = -x2(x – 1)(x + 1)2 

degree = 5 (I simply added the exponents in this case: 2 + 1 + 2 = 5) 

End behavior: 

Zeros:  

x = 0, mult. = 2, touches x-axis 

x = 1, mult. = 1, crosses x-axis 

x = -1, mult. = 2, touches x-axis 

There are at most 4 turning points (degree 5). 

y-int: (0, 0) (simply plug in x = 0). 

To check the symmetry: f(-x) = -(-x)2((-x)2 – 1)(-x + 1) = -x2(x2 – 1)(-x + 1)  



= x2(x2 – 1)(x – 1) Factor (-) out from third term 

f(-x) ≠ f(x) there is no symmetry with respect to y-axis 

f(-x) ≠ -f(x) there is no symmetry with respect to origin 

Sketch of the graph: Remember, this is just a sketch (The turns (max/min) values are difficult to 

approximate, so you can check (the height of those) by graphing calculator). 

 

 

 

 

 


